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We study entanglement entropy after a double local quench in two-dimensional conformal field theories
(CFTs), with any central charge c > 1. In the holographic CFT, such a state with double-excitation is dual
to an AdS space with two massive particles introduced from the boundary. We show that the growth after the
double local excitations cannot be given by the sum of two local quenches but with an additional negative term.
This negative contribution can be naturally interpreted as due to the attractive force of gravity. In CFT side,
this evaluation of the entanglement entropy is accomplished by a special limit of 6-point functions, where we
employed the fusion matrix approach for multi-point conformal blocks developed in arXiv:1905.02191.
I. INTRODUCTION
The AdS/CFT correspondence (holographic principle) [2]
has provided new insights in quantum gravity, since we un-
derstand CFTs relatively well. It is expected that there are
holographic duals of quantum gravity theories in AdS3 (i.e.,
holographic CFTs), and in general, they are expected to be
unitary, compact CFTs with central charge c > 1 and without
chiral primaries (hence, no extra currents apart from the Vi-
rasoro current), which we call pure CFTs (for e.g., [1, 3, 4])
.
One interesting question is how the dynamics of a two-
particle state in AdS is realized on the CFT side. In partic-
ular, we make an effort to understand the dynamics in AdS by
making use of the entanglement entropy, which is one very
useful tool to access the global structure of a given quantum
field theory [5, 6]. The entanglement entropy is defined by
S A = −trρA log ρA, (1)
where ρA is a reduced density matrix for a subsystem A, ob-
tained by tracing out its complement. In practice, this quantity
is calculated as the n→ 1 limit of the Renyi entropy, which is
a generalization of the entanglement entropy as
S (n)A =
1
1 − n log trρ
n
A. (2)
We particularly focus on the dynamics of the entanglement,
therefore, we consider a locally excited state |Ψ〉, which is de-
fined by acting with a local operator O(−l) on the CFT vacuum
|0〉 in the following manner,
|Ψ(t)〉 = √Ne−H−iHtO(−l) |0〉 , (3)
where N is the normalization factor and an infinitesimal pos-
itive parameter  is an ultraviolet regularization. We choose
the subsystem A to be the half-space x > 0 and apply the ex-
citation in its complement. The growth of the entanglement
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attributed to the excitation can be seen from the difference be-
tween the excited state and the ground state,
∆S (n)A [O](t) = S
(n)
A (|Ψ(t)〉) − S (n)A (|0〉), (4)
which is our main interest in this paper.
In CFT, this quantity can be calculated in terms of a cor-
relator [7, 8] and has already studied in RCFTs [9, 10], holo-
graphic CFTs [11, 12], and also non-perturbatively in pure
CFTs [1, 13, 14]. (See also [11, 15–20], which revealed the
growth of the entanglement entropy after a local quench in
other setups.) It is interesting to note that the entanglement
growth in RCFTs approaches constant in the late time limit,
on the other hand, the entanglement entropy in holographic
CFTs shows a logarithmic growth. This difference is thought
to be due to the chaotic nature of holographic CFTs. In other
words, we expect that this late time behavior can also be used
as a criterion of chaotic nature of a given quantum field theory.
One may wonder what happens if we consider a locally
double-excited state, instead of a single-excited state,
|Ψ(t)〉 = √Ne−H−iHtOA(−lA)eH+iHte−H−iHtOB(−lB) |0〉 .
(5)
At least in RCFTs, it is naturally expected that the entangle-
ment growth for this state can be given by just a simple sum
rule as
∆S A[OA; OB] = ∆S A[OA] + ∆S A[OB], (6)
where ∆S A is the growth of the entanglement entropy after a
double-excitation with OA and OB. This is because the en-
tanglement entropy in RCFTs behaves as if correlations were
carried by free quasiparticles [21]. Actually this rule has al-
ready shown in [10, 18, 22].
However, there is no reason that the sum rule can be also
applied to other CFT, in particular, holographic CFTs because
the quasiparticle picture breaks down in holographic CFTs.
For this reason, it would rather be natural that the sum rule
does not work in holographic CFTs. The gravity dual of the
excited state (3) is obtained by a heavy falling particle in AdS
[11], therefore, the double-excited state (5) should correspond
to two falling particles. Since these two particles interact with
each other by the gravity force, we expect that the effect of
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2this interaction would also appear in the entanglement growth
∆S A[OA; OB], that is, it is not given by just the sum rule.
On this background, the main aim of this paper is to ver-
ify whether the entanglement entropy measures the interac-
tion between two excitations. This question has remained un-
explored because we have little knowledge of the Regge sin-
gularity of a correlator, which is necessary to calculate the
Renyi entropy. Recently, we investigated this singularity nu-
merically in [14, 23] and give the analytic form in [1] from
our new findings of many properties of the conformal blocks
[13, 24] (see also [25]). The key point is that the singular-
ity of a correlator in the Regge limit is controlled by the pole
structure of the monodromy matrix. By utilizing this devel-
opment, we accomplish to provide the entanglement entropy
for a double-excited state.
II. SINGLE-EXCITATION
In this section, we will give a brief review of the calcula-
tions of the Renyi entropy after a single-excitation. Here, we
consider a local excitation O separated by a distance l from
the boundary of A, as shown in the left of Figure 1. The Renyi
entropy in this setup can be calculated using twist operators as
[1, 12, 14]
∆S (n)A [O] =
1
1 − n log
〈OOσnσ¯n〉
〈OO〉〈σnσ¯n〉 , (7)
where we introduce some notations on the cyclic orbifold CFT
Mn/Zn in TABLE I,
F (n)
The conformal block associated to the chiral algebra
(Vir)n/Zn, instead of the Virasoro. (Note that this conformal
block is defined on the CFT with the central charge nc.)
F(n) The fusion matrix associated to the chiral algebra (Vir)n/Zn.
M(n) The monodromy matrix associated to the chiral algebra(Vir)n/Zn.
hσn The conformal dim. of the twist op.; hσn ≡ c24
(
1 − 1n2
)
.
αn The Liouville momentum of hσn ; hσn ≡ αn(Q − αn).
O
The operator defined on the cyclic orbifold CFTMn/Zn,
using the operators in the seed CFTM as
O⊗n = O ⊗ O ⊗ · · · ⊗ O(≡ O).
TABLE I. The notations on the cyclic orbifold CFTMn/Zn. We will
use these notations in the following.
And we also introduce the notations usually found in Liouville
CFTs,
c = 1 + 6Q2, Q = b +
1
b
, hi = αi(Q − αi). (8)
By using the cross ratio z = z12z34z13z24 , we can rewrite (7) as
〈OOσnσ¯n〉
〈OO〉〈σnσ¯n〉 =
∣∣∣z2hσn ∣∣∣2 G(z, z¯), (9)
where G(z, z¯) is the four point function
G(z, z¯) = 〈O(∞)O(1)σ¯n(z, z¯)σn(0)〉 , (10)
FIG. 1. The holomorphic part of the positions of operators in the
replica computation (7).
and in our setup, the cross ratio (z, z¯) is given by
z =
2i
l − t + i , z¯ = −
2i
l + t − i . (11)
From these expressions, one finds that the sign of the imagi-
nary part of the cross ratio z changes at t = l. As a result, the
holomorphic cross ratio picks up the factor e−2pii at t = l as
1 − z → e−2pii(1 − z). On the other hand, this does not happen
for the anti-chiral coordinate z¯. Note that the limit z→ 0 after
picking up this holomorphic monodromy is usually called the
Regge limit.
In general, the four point function G(z, z¯) can be decom-
posed into conformal blocks as∑
β
Cβσnσ¯nCβOO†F (n)σ¯nσnOO† (hβ|z)F (n)σ¯nσnOO† (hβ|z¯), (12)
where β runs over all (Vir)n/Zn primary operators. The mon-
odromy effect to the conformal block is expressed in terms of
the monodromy matrix as [1]
=
∫
dαM(n)β,α[O] .
(13)
The key point is that if we restrict ourselves to pure CFTs,
the minimal value of α is realized by a particular residue at
α = αmin,
αmin = min{2αO, 2αn}. (14)
From now on, we will focus on the late time region (t > l).
In the  → 0 limit, the four point function can be approxi-
mated by the vacuum contribution as∫
dαM(n)0,α[O]F (n)σ¯nσnOO† (nhα|z)F (n)σ¯nσnOO† (0|z¯). (15)
Here, we used the following asymptotics of the conformal
block F (n),
F (n)σ¯nσnOO† (nhα|z) −−−→z→0 z
nhα−2hσn . (16)
This also means that in the limit  → 0, the dominant con-
tribution of the integral over α comes from the minimal one
3α = min{2αO, 2αn}. As a result, the entanglement entropy (the
n→ 1 limit of the Renyi entropy) is given by
c
6
log
ti
2
+ lim
n→1
1
1 − n log
[
Res
(
−2pii M(n)0,α[O]; 2αn
)]
. (17)
And also we can give the n-th (n ≥ 2) Renyi entropy after a
local quench hO < c−132 as
nh2αO
1 − n log
(
2
ti
)
+
1
1 − n log
[
Res
(
−2pii M(n)0,α[O]; 2αO
)]
.
(18)
These results are consistent with the results from the light
cone limit approach and the gravity dual calculation [1].
Moreover, we can find that in the classical limit (c → ∞), the
monodromy matrix associated to (Vir)n/Zn can be expressed
in terms of the Bekenstein-Hawking entropy as
lim
n→1
1
1 − n log
[
−2iRes
(
−2pii M(n)0,α[O]; 2αn
)]
−−−−→
c→∞
hOc
S BH (O) ,
(19)
where S BH (O) is given by the Cardy formula,
S BH (O) = 2pi
√
c
6
(
hO − c24
)
. (20)
III. DOUBLE-EXCITATION
Here, we consider a double excited state with two operators
OA(−lA) and OB(−lB) (lA < lB). The entanglement entropy for
this state can be calculated by the following six-point correla-
tor,
∆S (n)A [OA; OB] =
1
1 − n log
〈O⊗nA O⊗nA O⊗nB O⊗nB σnσ¯n〉
〈O⊗nA O⊗nA O⊗nB O⊗nB 〉〈σnσ¯n〉
. (21)
In the late time limit (i.e., the Regge limit), this correlator can
be also evaluated in the same way as for the single excitation
case;
〈O⊗nA O⊗nA O⊗nB O⊗nB σnσ¯n〉
〈O⊗nA O⊗nA O⊗nB O⊗nB 〉〈σnσ¯n〉
−−−→
→0
(2i)2h2αn
× Res
(
−2pii M(n)0,α[OA]; 2αn
)
Res
(
−2pii M(n)0,α[OB]; 2αn
)
,
(22)
where we used the monodromy transformation (13). The re-
maining conformal block can not be evaluated for general n,
however, if we restrict ourselves on the limit n→ 1, this block
has a simple form as
−−−−−→
n−1→0
[z1 (z2 − z1)]−2hσn . (23)
As a result we obtain
〈O⊗nA O⊗nA O⊗nB O⊗nB σnσ¯n〉
〈O⊗nA O⊗nA O⊗nB O⊗nB 〉〈σnσ¯n〉
−−−−−→
→0
and
n−1→0
[(
2i
t − lA
) (
2i
t − lB
)]2hαn ( lB − lA
t − lA
)−2hσn
× Res
(
−2pii M(n)0,α[OA]; 2αn
)
Res
(
−2pii M(n)0,α[OB]; 2αn
)
.
(24)
This result leads to the entanglement entropy for the double-
excited state in the late time (t > lB) as
∆S A[OA; OB] = ∆S A[OA] + ∆S A[OB] +
c
6
log
lB − lA
t − lA . (25)
Note that we can remove the restriction that the interval A is
large. If we choose the region A to be the interval [0, L] with
L > lB, then the result (25) when L + lB > t > lB is replaced
by
∆S A[OA; OB]
= ∆S A[OA] + ∆S A[OB] +
c
6
log
(lB − lA)L
(t − lA) (L − (t − lB)) .
(26)
And the generalization to put the CFT on a circle with length
Ltot is
∆S A[OA; OB]
= ∆S A[OA] + ∆S A[OB] +
c
6
log
sin
(
pi lB−lALtot
)
sin
(
pi LLtot
)
sin
(
pi t−lALtot
)
sin
(
pi L−(t−lB)Ltot
) ,
(27)
which can be obtained by the method developed in [26].
This is our main result in this paper. The interesting point
is that this entanglement entropy (25) cannot be given by just
a simple sum of the entanglement entropies for the single-
excitation with OA and OB. In particular, the time dependence
in the late time limit (t  , lA, lB) is
∆S A[OA; OB] ∼ c6 log t, (28)
which is contrary to the naive expectation that each single-
excitation contributes to the entanglement entropy as
∆S A[OA; OB] ∼ 2 × c6 log t. (29)
We expect that the appearance of the extra term besides
∆S A[OA] and ∆S A[OB] is the characteristic of the holographic
CFT, and this term can be interpreted as an interaction part of
the entanglement entropy. In other words, this part measures
the interaction between two particles. If so, this interaction
part is expected to be negative because this interaction should
be dual to gravitational force between two particles, which is
attractive (see [27]). Since t > lB > lA, our interaction part is
negative, therefore, our result is perfectly consistent with this
expectation. Note that our result does not rely on the large
c assumption, in other words, our result is exact in central
charge.
4We emphasize that the formula (25) holds only in pure
CFTs. The point is that in pure CFTs, the dominant contri-
bution of the integral over α in (15) comes from α = 2αn,
however, this is not the case in other CFTs. In RCFTs, the
integral (15) is dominated by the vacuum contribution α = 0,
which leads to
〈O⊗nA O⊗nA O⊗nB O⊗nB σnσ¯n〉
〈O⊗nA O⊗nA O⊗nB O⊗nB 〉〈σnσ¯n〉
−−−→
→0
M(J,n)0,0[OA]M(J,n)0,0[OB],
(30)
where M(J,n) is the monodromy matrix associated to
(J; current algebra of seed RCFT)n/Zn. In fact, this means
that the entanglement entropy after the double-excitation is
given by the sum rule,
∆S A[OA; OB] = ∆S A[OA] + ∆S A[OB]. (31)
This statement has already shown in [10, 18, 22] in another
way. For the same reason, this sum rule also appears in free
massless scalar field theories [7]. From these observations, we
can expect that the appearance of the negative interaction term
in the entanglement entropy implies the existence of Einstein
gravity dual.
IV. DISCUSSION
In this paper, we studied time evolution of entanglement en-
tropy after the double local operator excitations. We assumed
the absence of chiral primaries, which allows us to restrict our-
selves to the vacuum exchange. We evaluated the deviation
of entanglement entropy of double local excitations, from the
sum of entanglement entropies of each single local excitation.
The deviation was found to be negative, which can be inter-
preted as the attractive force in dual gravity, as was observed
in [27] for joining and splitting quenches.
We emphasize that our CFT result is quite general, that is,
we assumed neither large c limit nor light excitations, but only
pure CFT. And the result shows that the correction to the en-
tanglement entropy from the gravitational interaction always
exist in double local excitation set up, and the correction does
not depend on how heavy these operators are.
We address possible gravity dual of the double locally
quenched state. Let us consider the merger of two particles
as a candidate, and compute the entanglement entropy. We
put two conical defects at the boundary of Poincare AdS, with
same mass and momentum perpendicular to the boundary.
Such geometries in global AdS were constructed in [28–30].
Then these particles eventually form a black hole with horizon
radius rh, if they have large enough energy. We consider a sub-
region [0, L] and the corresponding Ryu-Takayanagi surface.
At late time, the Ryu-Takayanagi surface probes the region
outside the horizon of the black hole, so the entanglement en-
tropy for the subregion [0, L] at late time lA < lB  t  L is
given by
S A[OA; OB] →
lA<lBtL
c
3
log
L

+
c
6
log
t
lB − lA +
c
6
log
(
sinh(pirh)
rh
)
,
(32)
where rh is the horizon radius of the black hole. Here we
started with BTZ geometry
ds2 = −(r2 − r2h)dτ2 +
dr2
r2 − r2h
+ r2dφ2, (33)
with identification of two surfaces, which are given by√
1 − r
2
h
r2
cosh (rht) = cosh (rhφ) ± tanhpirh2 sinh (rht) , (34)
for massless initial particles. The spacetime region sur-
rounded by these two surfaces is now removed from the space-
time after identification. The intersections of these surfaces at
φ = 0, pi correspond to the conical defects. We boosted this
geometry so that the spacetime has Minkowski boundary, via
coordinate transformation
√
1 + r2 cos τ = e
β+e−β(z2+x2−t2)
2z ,√
1 + r2sinτ = tz ,
r sin(φ − pi2 ) = xz ,
rcos(φ − pi2 ) = −−e
β+e−β(z2+x2−t2)
2z ,
(35)
where eβ = lB−lA2 . It is interesting to see whether the black
hole merger described above or its variants, can reproduce the
entanglement entropy (25) of double local quench. Indeed,
both (25) and (32) grow in the late time as
S A[OA; OB] ∼ c6 log t. (36)
This behavior can be naturally understood by noting two par-
ticle system in the bulk with gravitation, should look like one
particle system at late time. On the other hand, the remain-
ing terms which are constant in time, highly depend on the
dynamics in the bulk, and the merger does not seem to repro-
duce (25). Another candidate of gravity dual is given by two
massive particles moving in parallel, without merger which
creates a new massive object. It is very interesting to explore
the gravity dual of double local quench more quantitively, and
find the dual which can reproduce (25) correctly.
Finally, we discuss future directions. It would be interest-
ing to consider more refined tools of analysis than the sin-
gle interval entanglement entropy. For example, the reflected
entropy [31] is recently calculated in a single local quench
state [32]. This analysis can be generalized to a double local
quench state, which would provide more information about
the connection between CFT and gravity. It would be also in-
teresting to consider negativity [33, 34] and odd entanglement
entropy [35].
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